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Abstract.  Some results concerning the elimination of delay-free loops in the
structures of digital filters are obtained. On the base of them formulae for simplified
detenmination of first-order transfer function sensitivities of the of equivalently
transformed digital filter structure are derjved.

1. Introduction

From the digital signal processing theory it is well known that the existence of
delay-free loops in the structure of a digital filter makes its practical realisation
impossible [1]. That is why one of specific problems that arise in the synthesis of
digital filters is the elimination of eventual obtained mnitially delay-free loops. Because
the structure of a digital filter normally is a signal-flow graph, the elimination
procedure can be implemented according to the rules for equivalent transformations of
signal-flow graphs [2]. These transformations however do not influence the graph
transfer function but change the filter first-order (and higher-order too) transfer-
function sensitivities. Because the sensitivity is very important from practical point of
view parameter and its calculation is necessary in every transformation step.

In the paper presented some results concerning the simplified determination of
first-order sensitivity of digital filters are given. For this purpose the attention is
concentrated on the elimination of loops in the signal-flow graph representation of the
filter transfer function. We suppose that the signal-flow graph transfer-function
sensitivities with respect to the transmission coefficients of the incident to such a loop
edges are determinate on the previous transformation step. Then the sensitivities with
respect to the transmission coefficients of the obtained after the equivalent
transformation new edges can be directly calculated in a way similar to the one
described in [4]:

2. Equivalent Transformation of 3 Signal-Flow-Graph by Loop Elimination
Let us assume that the signal-flow graph G is given and that it contains the
subgraph SG . In the case when G describes 2 digital filter structure some of its edge

transmission coefficients depend on the complex variable z'. Further, for simplicity,
we will denote all coefficients briefly as ¢; .
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The subgraph'SG includes one or more incident loops and it is connected with
the remaining part of G by incoming and outgoing edges.

According to the conditions given above, we can form the sets:
(1) a={l2.. . M}; f={M+1,M+2,.. N}, y={N+LN+2..P)
from the numbers of the input vertices of G , from the numbers of the mixed and
output vertices of G and from the numbers of these vertices of SG that are incident to
its loop(s), respectively.

Obviously we have
@) (aup)ny=0 .

If we number the edges of G starting from P-+/ until J one obtains the edge
sets:
(B) 6={P+1P+2..0};e= {Q+1,Q+2,...,R} ;0={R+1,R+2,..,S};

w={S+18+2,..Tho={T+1T+2.. .U;u={U+1U+2..V}
from the numbers of edges going out from the vertices of « and directed towards the
vertices of y , from the numbers of edges going out from the vertices of 4 and
directed towards the vertices of y, from the numbers of edges going out from the
vertices of y and directed towards the vertices of /3, from the numbers of edges going
out from the vertices of a and directed towards the vertices of £, from the numbers
of edges between the vertices of £, from the numbers of edges between the vertices
of y ,respectively.

One forms the vectors of vertice signals:
@ xg =[xpexn]ixg =[xpapan]ix, = [xnarxp],-

For V- U = v it holds

; U-T=u;T-S=t;,S-R=5;R-Q=r;

©) {Q—qu;P——N=p,’N—M=n;M=nL

The elements of the sets & , ¢ , 6, w, ¢ and # correspond to edge
transmission coefficients which can be arranged in the transfer matrices T, (p x n1);
Tiyp (p xn); Tpy (n xp); Tpa (n xm); Tpp (n xn), Ty, (p xp) , respectively.

Then the matrix equations are valid
6)  x, =Tpx,+Tpxp+T,x, ' x5=Tgx, +Tppx p+Tp, X, .

From here we obtain

-1

M x,=(1-T, ) (Taxa + Typxg)
and after substituting this result.in (6) it follows
(8) Xﬂ:Tﬂaxa*“T/},Bxﬂ‘Lxﬁ'
where

©)  xp="Tg(1- TW)_’mea + Ty (1-T, ) ' Tpn .
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Our main task hereafier is to find the direct relationships between the vertex
signals of @ and # which means an climination the loop(s) in the subgraph SG. For
this purpose it 1s necessarily to analyse the transfer matrix products in (9) as follows:

The elements of the matrix T,, are only the transmission coefficients of the loop
edges in SG . Every row (column) of T, contains only on nonzero element when the
subgraph  SG contains only one loop. In the case when SG  contains several but
touched loops, the number of nonzero elements in every row (column) may be greater
then one.

The matrix multiplier (1 - Ty, )" which takes part in both terms of (9) is in fact a
transfer matrix and it describes the relationships between the signals in x, . The
common denominator of all elements of this matrix is the determinant of SG .

(1) A=def(1-T,,).

From the other hand, the numerators of these elements are the path transmission
coefficients between the corresponding vertices of the subgraph SG .

The expression of the determinant (10) can be written according to the well
known Mason's formula [2] and all paths mentioned above can be detected by
mnspection. )

Having in mind these results and the relationships (9) we reach to the following
simple

Rule

The subgraph SG in G can be replaced by a set of edges between the vertices
belonging to the set «  and the set A . This procedure removes simultaneously all
vertices belonging to the set y .

The transmission coefficient of every new edge between the vertices of set o
and set /7 is the expression of the kind

P;'iA Ji : .
(A1) 1= .A. JleaVpfijep,
where P is the transmission coefficient of the paths between the vertices / and j |
A isthe adjunct of SG for P;and A is the determinant of the subgraph SG .

When we concern a selfloop of SG  the so formulated rule coincides with the
rule for the removing a mixed incident to the selfloop vertex [2].

One illustrates the application of this rule by the example given below.

Lxample
A signal-flow graph G with a subgraph SG is shown in Fig. 1. We wont to

remove the loop of the subgraph SG .
Here it holds
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¢ = ”34”45’56}-’# B {’7918%’98189}5
g =idegn=2vw =t == 3y =
The transmission coefficients of the all paths between of the sets 3 and y are
Psp=Psy +Psp =1yrt79197158 +19xl59l58, P53 = 173187158
P56 = Ps¢ +Psg =196189!58 + 95179157158
and the determinant A of the subgraph SG is

A =1=179tg719g -1g9l9g -
All adjuncts of the founded paths equal 1 because there are no untouching loops

|93
Fig.2

of G to the paths Ps,, Ps; and Ps .
Consequently we have

I53=Ps3 /D U5y =Psy /A 155 =tss+Pss /A
The equivalently transformed signal-flow graph G* is shown in Fig. 2.
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3. Expressing of First-Order Transfer Function Sensitivities of
Equivalently Transformed by Loop Elimination Signal-Flow Graphs

Let us consider again the signal-flow graph G . Our task here will be to find
some relationships between the signal-flow-graph transfer function sensitivities with
respect to the edge transmission coefficients of the sets § , £ , & and of the new set
(12) v={y+1V+2..m},
which corresponds to the edges obtained after removing the subgraph SG .

First we suppose that the subgraph SG  contains only one loop and the vertices
that are incident to this loop. According to [3] for every vertex /, /ey , the algebraic
sum of the signal-flow-graph transfer function first-order sensitivities with respect to
the transmission coefficients incident to this vertex equals zero. Then for aea; bep
we can write
(13) S/t —8lw 45 gl ~ZS™ =0,

/ /

sy fega 1y

If we add the equations similar to (13) for all vertices of SG , it follows

£ 7, - 7
(14) > ZSIIb“ X ZS,"]’“ =0

I=N+1i " I=N+lj !

- 1.e. the sum of the first-order sensitivities with respect to the transmission coefficients
of all edges coming into the subgraph SG equals the sum of similar sensitivities with
respect to the transmission coefficients of all edges going out of this subgraph.

Obviously this result generalises the formulae with regard dependent and
independent sensitivities, derived in [3].

The first-order sensitivities of a transfer function 7}, of the signal-flow graph
with respect to the transmission coefficients 7,; and Ly;XYey, ieauf; jef are
(15) S[Tba _LiaTyy ” SlTba - ]{’“7}7] B

. Tpa » Ty *
respectively.

Let us assume now that the signal-flow graph G is equivalently transformed by
removing the loop in the subgraph SG according to the Rule, derived in item 1. As a
consequence for example a new edge directed from the vertex / towards the vertex J
arises and its transmission coefficient #; can be calculated by means of formula (11).
From the other hand however we have
(16) §Te =i’f’,ﬂrﬂ.

# ba

By expressing the partial transfer functions 7, and Ty from (15) and after

substituting them in (16) one obtains
Sjwaslar, 1,

T, T y
17 Semt &
a7) L VI,

ya‘xit jy
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Taking mnto aCCOLmt (11) we find
1Pyt .
; il
(18) 1= A ,
where P is the transmission coefficient of the path between the vertices i and J (in
the common case this path includes more than one consequent edges of the loop in SG
and then the expression (17) takes the form
n S S Buliad
(19) St =
n ]b,\f A
where P is the transmission coefficient of this part of the path P, which is between
the vertices y and x of SG. In addition for the loop transmlssmn coefficient we can

write

PP
(20) L=P, P, =02
) - m{bj
where Py, is the path transmission coefficient between the vertices x and y along the
examined loop.
In the case when Py, = 1y, (i.e. it exists only one edge going out from the vertex
y and coming into the vertex x) the expression

bx*t va

; Xy
fb

Q

The _
(1) S =

1s valid and then from (19) one obtains
. Seglap g By

(22) Sho ol MRS
i NN

’x_\'

Taking into account (20) from the last relationship we have

§TbagToa [ A
(23) S Tha =_—-—"‘ Ly
- L Sl‘lba A ’
xy
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